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I. INTRODUCTION

In successive sampling information collected on the matched
portion of the sample is used to improve the estimate of the popula-
tion character under study. The theory has been developed by Jessen
(1942), Yates (1949), Patterson (1950), Tikkiwal (1951, 55, 56), Eckler
(1955) ete. The theory of successive sampling in the case of multi-
stage design has been considered by Tikkiwal ( 964, 65), Singh, D.
(1968), Singh, D.and Kathuria, O.P. (1969), Abraham et al (1969) and
Singh, S. (1970) etc. When auxiliary information on some characters
highly correlated with the character under study is also available it can
further be utilised to improve the estimate. Estimates of population
mean utilising auxiliary characters have been discussed in one stage .
successive sampling by J.A. Sastri (1970). In this paper an attempt
has been made to provide minimum variance unbiased linear estimates
of (i) the population. mean on the most recent occasion (ii) the
change in the population mean from one occasion to another and
(iii) an overall estimate of population mean overall occassions, for a
two stage design in which primary stage units ‘are partially replaced
and the second stage units in the retained primaries have been kept

_fixed. The entire study has been made under general correlation
model. - '

© 2. A RESULT

For the sake of clarity and completeness it is worthwhile to
" consider a well known result regarding minimisation of the variance
of a linear function. Let there be a function of type

flay=a'xty @)

where 2 and X are column vectors of coefficients and random vari-
ables respectively. If variance covariance matrix of x is 3, and
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covariance of y with X is —z such that cov (y, x;)="--z;, then varniace -
of f(a) is given by
C Vi@y=a35a+V(y)—20 2

- Minimising this variance with respect to a’s, it follows that 4 can be
obtained by solving the equations '

N~

302 =2 | » , ...(2.2)
as
—1
a=%z . ...(2.3)
~ and \ '
. S .
Mm Vf(a) V(y)— 2 5, 2 .24

3. ESTIMATION OF MEAN

3.1 Sampling on 4 occasions:

Assume that the pdpulation considered consists of ‘N’ primary
stage units (psu’s), each containing ‘M’ second stage units (ssu’s).

Following the s1mple random samphng at both the stages onthe

first occasion select ‘w’ psu’s and from each selected psu select ‘m’
ssu’s. Selection at both stages being without replacement. A sub-
sample of 'size ‘np’ of the selected psus .along with their ssu’s is
retained on the second occasion and s -supplemented by selecting
afresh ‘ng’ psu’s from the units not selected on the first occasion,
“(p+g=1). In each of ‘ng’ psu’s ‘selection of ssu’s is done as-in the
case of first occasion. The psu’s retained during the second occasion
have been retained alongwith their ssu’s in all the subsequent occas-

. ions whereas the remaining ‘ng’ psu’s have been selected afresh at
each occasion from the units not selected on previous occasion.
We assume further that (i) the population considered is large (i)
 the sample size is constant on each occasion and. (iif) any common-
, mess of units between two occasions.in ‘ng’ units selected afresh
every time is ignored. When the information on K auxiliary charac-
ters Xy, X,,... Xy which are highly correlated with the character under

study Y is available, an unbiased linear estimate of the population
mean for the hth occasion-can be put as,.

h4-1

- ,k . : N .
Yn= z zaw(“’lv—XzH— zbt(h — ¥ )+— RN CR B

=1 v=l
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where
X, - : Population mean of the I au‘xilia'ry' character

Y, : Population mean of the character under study at the 7t
occasjon. ' :

Ty .: mean per ssu of the /# auxiliary variate based on

({) nmp units which are common to-all occasions for v=1
and all /; ‘

(i) and nmq units which are selected afresh for v=2"to
h+1 and all J, I : -

J'; : mean per. ssu of the variate under study at the ¢
occasion for the nmp ‘units which are common to'all
occasions.

} . ¥"; : mean per ssu of the variate under study at the 1™ accasion
i for nmq units which are “selected afresh in the ¢*

occasion,

We deﬁne

. S2
(l*l = Sszl + o owxg
5 m

oy = Szby -+ .SZWyf . .\4
. & m

% 7 T ' i ’ Mg ot S S !
B**y = o'y Sbx, bez' + ¥Ry TWE OwXy

m

’ " S S
¥ = .e%u Spx, Spy, + ¢""ue —w_xl iad

o v Swyy Swyy
B’ = P Sby Spyy Tt Ou ﬂ%ﬂ_t_

where

1 - .-
Ssz; = NTIZ (Xu—X,)*
i=1

L Su— N(M_l)z 2]<X '—X1,>2

: : i=l j=1
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. N
S’by, = ]—Vlfl Z(ﬁ;‘ﬁ)z

i —1
- i=1
: N M ’
S , 1 ;
Pl u Swx, Swxi ‘_m 2 2( Ui XM) (Xz i
‘ =1 j=1
N .
* 1

e ”‘bel Sby, = N:TIZ (Xu—X) @u—Yy)

p;'* le SWyt‘_' N(M 1) 22 (XZZJ_XZZ)(YL‘j-Ytz)

l— J=1
. N
’ ’ ’ 1 =T, b7 T v/
p“' Sbyt Sbyt' = W——lz (Yn— Yt) (Yti"Yt)
i=1 '

M

N
SW)’tSW}’t —N(M 1)2 2 (Yt‘iﬂ'—?ti)(yt’if—?_tli)
i=1 j=1

J
p'** = correlation between the psu means of the /** and .
u It quxiliary variates. (0" and I, I'=1, 2,...k)
p"** = correlation between the ssu means of the /% and
u I'? auxiliary variates. (Il and [, I'=1, 2,...k) .
p'*- e= correlation between the psu means of the
u auxliary variate and the variate under study at the
1*™* occasion.
e"* = correlation between the ssu means of the. I auxili-
1 ary variate and the variate under study at the ¢

occasion,

X;,)
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¢y’ = correlation between the psu ‘means .of the variate
under study at the ¢* and #'** occasion. '

p””f — correlation between the ssu means of. the vauate
' under study at the % and #'% occasion,
Y = the observation of the character under study on the
Vi ssu, in the i psu at the t™ occasion.
M b
=’ 1 ¥,
. Yee = R
. =1
X ; == the observatlon of the I aux1hary variate on the

I
]”‘ ssu, in the z”‘ psu.

oy |
. 1
X = z qu

» L = ‘

J

. Optlmum values of a,”® (=1, 2,.. k v=1,2,...h+1) and
by® (t=1, 2,.... h) which wxll minimise the V() can be obtalned .
from the equatlon
\ XA=B R . (3.1.2)
where X is a matnx of dimensions {k(h+1)+h k(h+1)+h}

r
X X X c?\ ,
le X22..._ ------ sz Cg
Xkl sz ......... ka . Ck ) ,
Cy  Clyl ¢, D o
L »
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nltlt = o¥ } ~ when I:=l’
=p**y when I#£1'

14 TR ' '
ntt"=04 when 51

a=((%) 12k

‘ . Ey= (%, B¥y,...0% ) is a row vector of & elements -

=((Y")) t, t'=1,2,..h
Yl =—B% when t=1’
=0 * when ¢t
D=(¢")) - whent,t'=1,2,..h
Eo =0t - " when t=.t'
=qfy’ , © ‘when t#t’

A={ayy, G120+ 1,041 ;5 G215 Gags-+-B2snt15 Ar1s Aicase ak,h+1 ; by,bye..brl
and o S
B=[0, 0,...,—(3*1h 5 0, 0,...,—‘3*2;, s vee 0 0 [3 h s 0 0. pah]

A and B are column: vectors of (k(h-+1)-4h) elements. ‘

It can be seen that the vectors 4 and B correspond to vectors
a and z of section 2 and the matrix x and ¥» correspond -to 3, and y
. therein. The variance in (2 4) in this case, after a little simplification

, reduces to

V(Fr)= (l—bh) . - (313)
where . ‘
¥y (5**12 B¥** 12 | B** 1k B*s
¥, oy | B%*za Caee B**,y B¥ae _
4 Pt=
© ' R PR ChP ok, B
B¥1s B¥as B¥u =~ oy

is a determinant and P, is the determinant obtained by omitting the
last row and-last column of P;. -
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Particular Cases

1

3.2. Sampling on h occasions without using auxiliary - characters

The estimate of mean at the 4™ occasion and its variance can
be deduced from equations (3.1.1) and (3.1.3) respectively as

h

@n)o= z BT ')+ .62
) - [=1 ! . )
and .
V()= %(1—@,) | (22
where ) ‘ '
by= po, %? _iél, 2,...h

and A, is the determinant of the matrix D, and Ay is the cofactor

of the element common to the A% row and_ 1 column in A, This
particular case has been discussed in reference (10).

3.3 Sampling on two occasions with one auxiliary character

Substituting h=2 and k=1in (3.1.1), we get

3. 2
7o zaw@m—xn Ebr@'t—y"twy (331
=1 ‘ =1 '
. where - ’ : ' ‘ ;
; =___ Piy 2% — * :|
ayn PRI 118% 12 qt%ﬁ u |
A19= " "% Z Pqtzfa:l
B*
3= — 4*112 Lty —qt,
Pqtats
by= —
! A
b, pht,
- B2,
h=o——
1 uF,



1-08 JOURNAL OF THE INDIAN SOCIETY OF AGRICULTURAL STATISTICS

B*£19
Iy= Oy — i
a®)
3*115*12
t3= B —_— -
¥y

and
A=tit,—q*ty%

Now variance %, would be

V)= o%(1— 5*2”)[ “;2°q’2“ ] ©(332)

o) JUtly—qttg®

In this case, when no auxiliary information is emplbyed ty=d,; t2¥¢2
and 73=0;, then equations (3.3.1) and (3.3.2) become as, ’

— =___ PQBw“z (; '~ ") ])“10‘2 B = 51
@, )0y —q*Byy* 170 +°‘1°‘2‘_q25122(y2 G )+yg
(333
and _
» %y o 00, —gB2
V(i o=_2_< M) 3
¥,) n \ oyt g7y | +(3.3.9)

3.4. "Unistage design

1t is easy to see that when the design is unistage, putting m=M
we have . .
' oc,=Sabyt
0"*lz'svszl
Be' =o't Spy, Spy,
ﬁ-*u=9"*zt Spx, Sy,
and

By =p iy Sox, Sbxy

. Now with these definitions of o, a*;, B;, B%; and P**, we
deduce the estimate and variance from (3.1.1) and (3.1.3) Iespectively.
In particular, if there are two occasions and one auxiliary character
then

- Szbvz( s ){(1_‘P'*n)(l—P'*lz)—q(P,m'—P'*u p'*10)?

V = 1— * ’ ? Y. ’ (4 7 ¥

: (yZ) n P 22— ) (I—p 1) g0 12— 0 11 P 12)?
' (34D

B XN
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This case has been discussed in reference (7).

4. - ESTIMATE OF CHANGE BETWEEN (h—1)" AND /™ OCCASION
4.1 An estimate utilising k auxiliary characters

~ "In the course of time, when information is available on a
number of occasions, we can improve the estimates on earlier
occasions utilising the information collected on subsequent occasions.
An unbiased linear estimate of change between the current estimate
at the A" occasion and an improved estimate at the (A—1)* occasion
can be obtained as,

k 41 h
Chsh- 1—121 b la "w(Fro—X0) 2 bt O =0V +7" = 7"y
(4.1D)

and minimum variance as
. » . ’ . . \r
V(Ch, h—1)='ﬁ( 1+b h—1) hPI +— (l—b h )7: w. (4.1.2)

In this case a'i,’s(=1, 2,...k ; v=1, 2,...h+1) and &'7s (t=1, 2,...})
are obtamed from the equation given by

XA,=B, f, C(413)
where

T ’ ’ « o ! ! . -
Ao_[a 110 @125 «- @ 1op415 A a1y A ooy el gonty s oo s alkla a’kza a’k,h+1 s

c by b b]
and ; ' !

Bo=[03 0, 0.---,'_-6*171 ;,O,OsO,---_ﬁ*zh seeceee; 0 0 0 —B*kh s
- 0,0,0,.. —pay_y, pay)
A, and B, are column vectors of {K(h+1) +h} elements. It is

seen that the vectors 4, and B, correspond to a and z of section 2.
and §"1—¥"1—,) stands for y therein.

Partlcular Cases

‘4.2.  Sampling on h occasions wzthout using auxiliary characters

When no auxiliary information is employed an estimate of
change between 4% and (h—l)”‘ occasion is given by

(Casn—1)o= 2 b t(?/ =Y D)V =51 @2

and variance of (Ch,h_l),, is

V(Chsh—l)o nq (1‘* b,h—l )+ :Z (1 b’ ) ...’(4-2.2) ) |
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~ where b’,’s are obtained as
b't="_ P“hAm—P“h 1Dn-1, t:]

4.3. Sampling on two occasions with one auxilialfy characler

In this particular case putting A=2 and k=1 in 4.1.1) it is
seen that ’
-3

Cip= = la o(F 10— XD+ E boV'e=3")+7"—7," ... (4.3.1)

V=

where

‘ ay= o_c’:l—pA[ 3*12(t1t2+qt113);p*;l(tlt2+0t2t3)]

| a' 5= 987 Lty — qts®—ptsty :l
1

—R*
@e= ‘__“a*lA tity—qts®—ptity :]

and “
by= %(t2+~qt3>
No;v o .
Vicys)= i[(tl+t2)(t1t2—q:32)—2px1t2t3] : .(4.3.2)

- when no auxiliary information is available, then (4.3.2) would be,

(ot F0p) (0425 — (75122)_217“1“2612}

2R 2
o0, —q*B1a” -

(433)

V(clgo {

5. ESTIMATE OF OVERALL MEAN
5.1. Sampling on h occasions with k auxiliary characters

- 'An overall unbiased linear estimate of the population mean
over h occasions for thetype of sampling pattern. considerd can be
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) k ]l-l;l _ h - '_” _
E= 3 S @"@—X)+ tz 14% By =7 0+7"d G.LY)

I=1 v=1

where 0f’s (1=1, 2...h) are some suitable weights depending upon the
h
relative importance of the occasions, such that 3 . 9;=1. Optimum
. - T . t= =
values of a”y’s (I=1, 2,..k ; v=1, 2,...h+1) and b"’s (1=1, 2,...h)
which will minimise the variance V(E;) are obtained from the -
equations : -

e

YA]_:B]_
! _ where Y is a matrix of dimenision {k(a+1)+h, k(h+1)+h}

' Xn X e Xie Gy
le .X22 oo sz Gz

Xk1 sz cos X Gk
G' G .. G D

~ where Xy’ is as defined in Section 3.

Gi= ((%)) | z=1,-2,.‘ ..... k

01=(018%11, 0281050+ , 0,p%,) is a row vector of h elements
Ry=((3*")) . t, t'=l, 2h

! 34 =—0:Bu when 7=t' |

L . ' =0 when 171

\ D= () ST t,t'=1,2.. h.
by’ =04 when t=t'

N =0/qB: o when t#t’

_— " " " . A o " . « A7 "
A1=[0"13, @ 120 @ 15041 5 A 215 @ 235 « A gohtys 5 G k1 Qkas -
. . " « L ” ”
- A gl s b"1, bgyee.n ]
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and : , .
B,=[0, —6,8%11, —0,L%1050.. — OB* 15 5. .55 0, — 0%y, —0,8%,,
" ---—ezzﬁ*kh ; POy, pOyy... pBros]

A; and B, are column vectors of {k(h-1)+4} elements.

Now minimum variance of the estimate E, would be,

» e12 A ﬁl 0 0" P2 —h, " i
VE)= (1=, )Pa+nq(l b Y1, )

. o |
1
. TEI: | 612

Particular Cases
5.2.  Sampling on i occasions without using auxiliary characters

When no auxiliary information is employed, an overall linear
unbiased estimate of the population mean would be given by

. h .
(Eh)a=t 51 0l (V'e—Y" )+ 1} ' (52D
and variance of (£;), would be
B _ 4 _
V(Eh)o=,‘% z etz(l _bt”)“t ,...(5.2.2)
' 1=1

where

h
bt"=0t—i: E JANT) .0%91-
=1

5.3. Sampling on two occasions with one auxiliary character

Putting i 2 and k=1 in (5.1.1) it is seen that .

3 2
E2=,Z @' (Br—Xy) + zet{bt"(v't—v"ﬁ P (53.1)
t=1 '

v=1

"1

ar/]1= ( IB 11 b//+0 B 2b )
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a1112= _glﬁ 11<1 bll l)

ayy = ; "“B*m(l—b:z“:) )

\ ,(/'.1

' t ) ‘
by = epAz 01t1-q0213 :,

. b”2_ 2l l:eztz A :I
Now Vvari'anAce E, would be

V(E)= E[(tltg - qtza)(912f1+922f2)+2ptxtzt3919'2:| o w(53.2)

when no auxiliary information is employedl (5 3.2) becomes"

V(Ez)o . n(mﬁ)[(al% gp* 12)(912°‘1+ 0 2“2)'*‘217“1“49 62@12 ]
.. - : (5 3. 3)
I ey =ay=a (say) and [312:@, then _ o ,

~ V(E) [(012+622)(1_QB/“)+2p6102 B/OL] “(534)

1_q2 BZ/O@

SUMMARY

In the present paper auxiliary characters’ have been utlhsed to
’ bulld up unblased linear estimates of : :

(i) the populatlon mean on the most recent occasion;

(if) the.change in the population mean from one occasion to
another; and

. (iii) the overall population mean for all the occasiqns in case of
two-stage successive sampling.
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